
Journal of Statistical Physics, Vol. 46, Nos. 3/4, 1987 

Correlation Length and Its Critical 
Exponent for Percolation Processes 

Bao Gia Nguyen 1 

Received May 30, 1986; revision received October 24, 1986 

Some critical exponent inequalities are given involving the correlation length of 
site percolation processes on E'( In particular, it is shown that v >12/d, which 
implies that the critical exponent v cannot take its mean-field value for the 
three-dimensional percolation processes. 
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inequalities. 

1. I N T R O D U C T I O N  

We first define the model and introduce the notation we will use in this 
paper. A site percolation process in Z d (here d~>2) is a family of 
probability measures Pp, p ~ [0, 1 ], together with a collection of random 
variables r/: Za__+ {0, 1} such that under Pp the r/'s are independent and 
Pp(~l(x) = 1)=  p. A site x is thought of being occupied (nonoccupied) if 
r/(x) = 1 [ q ( x ) =  0]. We say that x is connected to y if there is a path of 
occupied sites connecting x and y; i.e., there is a sequence of sites x0 = x, 
Xl, X 2 . . . . .  Xn~--y in Z d so that xi and xi+l are nearest neighbors and 
r/(xi)= 1 for every i = 0 ,  1, 2,...,n. We denote this event by {x -+y} .  Let 
Co = {x: 0 -+ x}. We say that Co is the cluster containing 0. 

It has been shown by Aizenman and Newman ~1~ that Pp(O ~ x) decays 
exponentially whenever the site density p is below the critical value 

Pc. = sup{p: Ep(ICol) < c~ } 
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This leads to the definition of the correlation length ~(p) as the minimal 
value for which 

Pp(O~x)<~exp[- lx l /~(p)] ,  for all X~zTd 

It is easy to see by the F K G  inequality that the minimum is attained. 
Furthermore, one can show that ~(p)T oo as p Tpc. It is of interest to study 
the rate of decay of the correlation length as p ]'p,., which can be represen- 
ted by the critical exponent v defined by 

= - l i r a  l o g ~ ( p )  
v pTp, log(p~.--p) 

We denote this by ~ (p )~  (p~.-p) v 
As suggested by many physicists, it is believed that the correlation 

length ~(p) can be thought of as being the same as the length scales: 

I• 1 l/t #_,(P) = Ixl' Pp(O --+ x)//rY Pp(O --* X) 
/ x 

(see, e.g., Essam(5/)~ To be more precise, we say that the two length scales 
~(p) and ~,(p) are the same if they decay at the same rate; i.e., if we assume 
that ~ t (p)~  ( p , - p ) - V ' ,  then v = v~. In support of the above belief we give a 
proof of the following weaker result and its corollary: 

0<~ v -  v,<~ ( 7 -  v)/t (1) 

where Y is the critical exponent of Ep([Co] ), i.e., 

gp( lCol )~(p , . -p )  ~ 

Corollary. l im,_~ v,= v. 

In Section 2 we give a proof for the result (1). In the course of doing 
this we prove some critical exponent inequalities related to scaling theory 
in Section 3. The scaling theory (see Essam 15)) predicts that 

Pp(O___,x)~lx I (d 2+.)f(ixl/~(p) ) as pTp,. (*) 

where f (r)  is a function with f (O)>  0 and f(r)-- ,  0 exponentially fast as 
r ~ ~ ,  and ~/is the critical exponent defined by 
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Assuming the scaling hypothesis (.),  we can see, by Fubini's theorem, that 

Ep(IC0]) = Y~ Pp(0 --, x) ~ y~ t x l - ~  2+ , ) f ( tx l /~(p) )  
x x 

=~(p)2-. Z ]z] /v 2+,if(]z]) 
z - . , : / ~ ( p )  

=cons t "  ~(p)Z , ~ ( P c - P )  ~2 ,)v 

This leads to the critical exponent equality 

7 =  ( 2 - r / ) v  

As we shall see later, this equality is at least half correct if we assume, for 
B,, a box of radius n centered at 0, that 

Ep,(ICoc~B.l)  = ~, Pp, . (O~x)~n 2 
xGBn 

in replacing the old definition of r /as  above. (The two definitions for r /are 
expected to be the same. In order for our proof to work, we want to stick 
with the second definition of q.) In fact, we shall show that it is safe to 
truncate the sum Ep([Co[ )=~xPp(O- -~x  ) at n = 2 ~ , ( p )  without losing 
more than half of the sum, as in the following result: 

E~(ICol) >/Ep(ICo c~ B,,]) >~ (1 - 1/2') E~(ICol) (2) 

With this bound in hand we immediately see that 

7 ~ < ( 2 - q ) v ,  

Also in the same section we will show a lower bound for the critical 
exponent v: dv >>I A2, where A2 is defined by 

E p ( l C o l 2 ) / E p ( ] C o [ ) ~ ( p , _ p )  4~ as p'~p,. 

This together with our earlier mean-field bound A 2/> 2 implies that v ~ 2/d. 
Since the mean-field value of the critical exponent v is expected to be 1/2 in 
three dimensions, this critical exponent cannot take its mean-field value. 

2. PROOF OF RESULT (1) 

Let 

N ( p ) = i n f  n: ~, Pp(O~x)<<.-~ 
~ : l x l  = n 
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Aizenman and Newman (~) have shown that 

and also 

This shows 

N(p)<~2Ep([Col) for p<p,. 

Pp(O~x)<~exp( N(p)l~ lx[) 

~(p) ~ N(p)/2 

On the other hand, from the definition of the correlation length 

(3) 

Pp(O~x)<~ ~ exp[-lxl/r J ~exp[-n/r 
x z l x l  = n v : l x l  = n 

Hence, if n = dr log ~(p) and if p is close enough to p,., the rhs will be 
smaller than 1/2, which gives 

N(p) <. d~(p) log ~(p) 

~',E~(I Col) = ~ Ixl' Pp(O ~ x) >~ 
x v : L x  I = N ( p ) / 2  

(4) 

Thus, by (3) and (4), N(p) and ~(p) share the same critical exponent. With 
this in hand we see that 

N(p) 

Ixl' P~(O -~ x) 

(xlpt '! 
>~ Z \ 2 ] 2  

n = N ( p ) / 2  

1 
lll~,lJ ) 2*+2 

where in the second inequality we have used the fact that 
Z.~:t.~l _n Pp(O -+ x) >~ 1/2 if n <<. N(p). This leads to the critical inequality 

tv,+ y>~(t + 1)v 

o r  

(~ - v ) / t  > v - v ,  (5) 

Furthermore, it is easy to see from Jensen's inequality that (,  is increasing 
in t, hence so is v,. Thus, lim,~ ~ v, exists. Then, letting t T ~ ,  we get from 
(5) 

v -  lim v,~<0 
t ~ o o  
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To show the other half, we look at 

~,G(I Col) = ~ Ixl' PAo ~ x)~< ~ Ixr' exp[ -Ixl/r 
.ic ~: 

<~K ~ tit t+d 1 exp[-n/~(p)] 
n = 0  

= K ~ Z n , + d  l e x p ( _ l )  
l = 0 l r  <~ n < ( l +  1 )~ (p )  

~<K s ~ ( p ) [ ( l + l ) ~ ( p ) ]  '+d ~exp(--l) 
/ = 0  

= K,[d(p)] '+d 

where K1 =KX~~ 1) '+d 1 exp(- / ) .  In terms of the critical exponent 
we have 

o r  

(t+d) v>~ tv,+ y 

v - v, >1 (~ - d v ) / t  (6) 

Letting tT o% from (5) and (6) we get the corollary of result (1) and from 
this we know that v>~v,, so the result (1) follows. | 

3. P R O O F  OF R E S U L T  (2)  

Here we show result (2) and derive a lower bound for v. The proof of 
the result is analogous to Fisher's (61 argument for the Ising model. Observe 
that 

E~(ICoC~BNI) = ~ P~(O~x) 
x: lx l  ~ N 

= f l -  ~' Pp(O~ X)] Ep(iCol ) 
x:l~>~ G(lCoi) J 

>~ 1 -  ~ N'Ep(ICol) J 
x : l x l  > N 

N ' , /  
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By choosing N>~2~',, we get the second inequal i ty  of (2): 

Ep(IComBxl)>~ (1 -- 1 /2 ' )Ep( ICol )  

The o ther  equal i ty  of result  (2) is trivial. To get a lower bound  for v, we 
look at 

Ep(ICoI2) = ~, r p ( O ~ x ,  y) 
x ,  y 

<~ 2 ~ Pp(O ~ x, O--+ y) 
x, v:l rl ~< lyl 

= 2 Y ' P p ( 0 - - + x )  E Pp(O--+y[O--,x) 
x )':/)'1 ~< Ixl 

~< 2 K 2  txt J P , ( 0  ~ x)  
x 

= e '~Ep(ICol)  

In terms of the crit ical exponents  we have 

L H S ~ ( p ~ , - p )  ~2 :, 

RHS ~ ( p ~ . - p )  d,,.-',, 

So 

Az <~ dVd 

But we know that  A2~>2 (see Dur re t t  and  Nguyen/4~), so we have dv>>. 
dV d>~ A2 >~ 2 or v >~ 2/d. | 
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